Abstract-The problem of two-dimensional, periodic in the horizontal coordinate, convection of an incompressible fluid heated from below between two horizontal planes is considered. The problem is solved in two formulations: with (stress-)free and hard (no-slip) boundary conditions on the horizontal planes. It is shown that at small supercriticalities the two-dimensional convection calculation leads to more correct results with hard than with free boundary conditions. It is established that the difference between the free and hard conditions is most strongly manifested in the pulsations of the vertical velocity component, whereas the dependence of the Nusselt number and the pulsations of the horizontal velocity component on the boundary conditions is more weakly expressed.
The convection problem has been solved in various formulations by many authors . We will reproduce the results obtained earlier, with special attention to experimental and theoretical investigations of convective flows at high supercriticality r = Ra/Ra cr , where Ra and Ra cr are the Rayleigh number and its critical value [1, 2] .
Two formulations of the problem of convection in an infinite horizontal layer can be distinguished: with (stress-)free and hard (no-slip) horizontal boundaries. As a rule, the solution is assumed to be periodic in the horizontal directions. The two formulations often lead to solutions that differ only quantitatively, not qualitatively [1] . This fact and the relative simplicity of the solution of the problem of convection with free boundary conditions explain the popularity of this formulation.
The idea of using only a few degrees of freedom on the basis of the Galerkin method was developed in [3] [4] [5] [6] in numerical investigations and in the linear theory of stability [2, 7] . This approach may be correct for solving problems of linear stability theory, but at high supercriticality taking an insufficient number of degrees of freedom into account in the calculations may lead to false chaotic solutions due to poor representation of the dissipative part of the spectrum [8] .
In [8] [9] [10] convection was calculated on the basis of a three-dimensional model with free and in [11] [12] [13] with hard boundary conditions. Using supercomputers made possible the direct numerical simulation of turbulent convection in air [9, 10, 13] , but, unfortunately, these papers contain neither a spectral analysis of the numerical methods used nor a detailed comparison with the experimental data.
Even nowadays, the complete calculation of three-dimensional unsteady flow at high supercriticality is a very difficult problem requiring enormous computational resources.
In order drastically to reduce the computational resources used, fluid convection can be considered in a model two-dimensional formulation. In [14, 15] , it was shown that using the two-dimensional approximation is justified for convection generated by heating from one side. With respect to certain characteristics, good agreement between the calculations and experimental data on turbulent convection was obtained [15] .
In [6, 8, [16] [17] [18] [19] [20] [21] [22] [23] [24] two-dimensional convection was considered with free and in [11, 22, [26] [27] [28] with hard boundary conditions. Complex regimes at high supercriticalities were investigated in [22, 24, 26, 27] .
Convective flows in a quadratic domain were calculated in [26, 27] at enormous supercriticalities (up to r ∼ 9.6× 10 4 ), but the horizontal resolution used in those studies seems to have been clearly insufficient (129 and 257 harmonics in [26] and [27] , respectively). The results of numerical simulation of two-dimensional convection with free and hard boundary conditions at high supercriticalities (up to r = 3.4 × 10 4 for the free conditions) are described in [22] , but the comparison with experimental data need to be refined. In [24] , the law Nu ∼ Ra 0.301 was obtained, but the calculations were performed in a domain with a small aspect (horizontal to vertical dimension) ratio equal to 1.8 and on the basis of a simpler model corresponding to an infinitely large Prandtl number.
The aim of the present study is to calculate, using the spectral-difference numerical method we proposed earlier, two-dimensional, horizontally periodic convection in a plane layer with stress-free and hard boundaries at high supercriticalities (up to r = 3.4 × 10 4 for free and r = 7 × 10 3 for hard boundary conditions), to compare the results obtained in order to explore the role of the boundary conditions (free/hard), and to compare the numerical results with experimental data.
FORMULATION OF THE PROBLEM
Two-dimensional convective flows of a viscous incompressible fluid heated from below in an infinite layer between two horizontal planes are considered in the Boussinesq approximation. We will assume that the flow is periodic in the horizontal direction with period 2π/α, where α is the least wave number, and the horizontal boundaries of the domain are isothermal.
The initial system of equations, written for deviations from the equilibrium solution and nondimensionalized, has the form [22] :
where ϕ is the stream function, ω is the vorticity, Q is the temperature deviation from the linear equilibrium profile (the total temperature is equal to Θ = 1 − y + Q), ∆ f = f xx + f yy is the Laplace operator acting on the function f , Ra = gβ H 3 dQ/χν is the Rayleigh number, Pr = ν/χ is the Prandtl number, g is the gravity acceleration, β , ν, and χ are the coefficients of thermal expansion, kinematic viscosity and thermal diffusivity, H is the layer thickness, dQ is the temperature difference between the horizontal boundaries, and x and y are the horizontal and vertical coordinates. In what follows, for brevity, we will use the term temperature for both Q and Θ. We will consider the problem of convection in the following two formulations differing in the conditions on the horizontal boundaries.
1. The vertical velocity component, the tangential stress, and the temperature vanish: ϕ = ω = Q = 0. We will call these conditions free.
2. The vertical and horizontal velocity components (no-flow condition) and temperature are equal to zero: ϕ = ϕ y = Q = 0 hard conditions. The conditions on the lateral boundaries are the same in both formulations. We will consider solutions of system (1.1) periodic in the horizontal coordinate x, but in the second computation stage, to increase the efficiency of the finite-difference method, the calculations are performed in a domain whose length is equal to half the solution period; therefore, on the lateral boundaries we replace the periodic boundary conditions for the unknown functions by boundary conditions of the first or second kind, in accordance with the form of the solution. This does not impose any additional constraints (such as a certain symmetry) on the form of the solution.
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for the problem with free boundary conditions and in the form:
for the problem with hard boundary conditions, where ρ k = 0.5 for k = 0 and N, and 1 for 1
with the conditions on the vertical boundaries:
The supercriticality r = Ra/Ra cr , where Ra cr is the critical Rayleigh number equal to 657.5 and 1708 for the problems with free and hard boundary conditions, respectively.
NUMERICAL METHOD
We will now outline the spectral-difference method used for solving system (1.1). This method was used in [22] for calculating two-dimensional convection with free and hard boundaries at high supercriticality and is described in detail in [29, 30] with all the formulas for free boundary conditions. In [30] , the results of its linear and nonlinear analysis (on a model system of equations) are presented.
Following the general idea of the splitting method, the transition from layer n to layer n + 1 proceeds in two stages. In the first stage of splitting, a correspondence is established between the spectral characteristics of the numerical method and the differential problem in the linear approximation, and in the second stage the nonlinear processes are taken into account.
The first stage involves only the linear development of perturbations, without interaction between the harmonics:
In order efficiently to solve the nonlinear convective transport equations for the vorticity ω and the temperature Q, half the viscous terms are taken into account in the second computation stage. Substituting solution (1.2) in system (2.1), we replace (2.1) by a system of two ordinary differential equations for two unknown amplitudes ω km and Q km . The system obtained was solved analytically, without using any temporal approximations, using formulas derived by means of Maple V R4 analytical computation software [29, 30] . In the second stage, nonlinear convective transport, that is, the interaction of the harmonics, is taken into account. Here we used the finite difference method of variable directions (longitudinal-transverse sweep), which had previously been successfully employed for calculating turbulent convective flows in a rectangular domain heated from one side [15] 
The transport equations for ω and Q were solved in two separate steps, and in each step the Samarskii method for temporal approximation of one-dimensional operators in the upper layer and approximation by central differences in the lower layer was used. The coefficients ϕ x and ϕ y in the difference equations (2.2) were calculated from the stream function found in the first stage of splitting [30] .
The unknown fields were recalculated from the spectral to the physical space and back by standard cosine and sine Fourier transform programs.
In order to calculate the Nusselt number, the temperature field was represented in the form:
and we then calculated the number Nu at the time in question (t = t n )
and the average Nusselt number
The quantity N was so chosen that the calculated average Nu value remained constant as it increased and with variation of N 0 .
In order to check the correctness of the computational algorithm with free boundary conditions, the calculated Nu values were compared with the results of [17, 20, 21] at small supercriticalities r = 10, 15, and 20 and α = 2.22. The calculated Nu values were in good agreement with the results of [20, 21] (for Pr = 6.8 the mean deviation was equal to 4.95 and 3.44%) and [17] (Pr = 10) reproduced with graphic accuracy.
The algorithm with hard boundary conditions was checked by comparing the Nusselt number with the results of [28] obtained at small supercriticalities r = 1.46 and 5.85 in a square domain. In [28] , a finite difference method with a resolution of [64 × 64], high for these supercriticality values, and a simpler model of an infinitely large Prandtl number Pr were used. The calculated Nu value (for Pr = 10) was in good agreement with [28] (mean deviation 4%). The results of comparison with the experimental data for twodimensional convection at small supercriticalities 1.42 ≤ r ≤ 3.8 [31] are described in the next section (see Table) .
COMPARISON AT SMALL SUPERCRITICALITIES
In [31] , the results of experiments on steady-state two-dimensional convection in distilled water with small supercriticalities (up to r < 14) are described. steady-state convection was calculated within the framework of the two-dimensional model with free and hard conditions on the horizontal boundaries. In the calculations and the experiments, the aspect ratio and the observation window size were the same, and all the results of this section were obtain with a resolution of [513 × 17] at Pr = 6.8. The total-temperature isotherms obtained experimentally and calculated within the framework of the two-dimensional model with free and hard boundaries at r = 2.2 are compared in Fig. 1 .
It can be seen that both the calculated isotherms are qualitatively similar to the experimental one; however, the isotherm obtained on the basis of the two-dimensional model with hard boundary conditions seems to be more accurate in shape.
The Nusselt number was equal to 1.82 in the experiments and 2.23 and 1.75 in the calculations made using the two-dimensional model with free and hard boundary conditions, respectively. The deviations were equal to 23% for free and 4% for hard conditions. In the experiments, the horizontal dimension of the convective cell was equal to about 2.35 H, where H is the layer thickness. In the steady-state convection calculations with free and hard boundary conditions this dimension was equal to 2.37 H.
In Fig. 2 , the experimental and calculated profiles of the average temperature, obtained for r = 2.2 with free and hard boundary conditions, are presented. The calculated and experimental results are in good agreement but the profile of the average temperature obtained in the calculations with free boundaries is steeper near both horizontal boundaries.
The experimental data [31] indicate a heat-flux transition point (a jump of the derivative of Nu(r) r as a function of r) at r ≈ 2.34; in the calculations this point was observed at r = 2.48 for free and at 2.78 for hard boundary conditions.
The table compares the Nusselt number values calculated with free (Nf) and hard (Nr) boundary conditions with the experimental data [31] (Ne) for distilled water at supercriticalities r = 1.42, 2.2, 2.7, and 3.8. It can be seen that hard boundary conditions lead to a result closer to the experimental one (mean deviation 4.2%) than free conditions (24%).
The steeper average-temperature profile near the horizontal boundaries and hence the overestimation of the Nusselt number may be attributable to the more intense convection for free boundary conditions due to the absence of braking by the viscous forces on the boundaries.
MODERATE AND LARGE SUPERCRITICALITIES
All the results of this section were obtained for α = 1 and a solution period length in the horizontal direction equal to 2π.
From the Nusselt number as a function of the supercriticality plotted in Fig. 3 at different resolutions for free boundary conditions (Pr = 10) it can be seen that in this case a resolution of [257 × 65] is sufficient for calculation purposes up to r ≤ 3.4 × 10 4 .
In calculating with free boundary conditions at r < Analogous methodological calculations were carried out, also with different resolutions, with hard boundary conditions but could be continued only up to r = 7 × 10 3 . On the basis of the results of the methodological calculations, we performed calculations with hard boundaries with resolutions [17 × 17] at 10 ≤ r < 40, [33 × 33] In Fig. 4 , the Nusselt number as a function of the supercriticality, obtained in the calculations with free and hard boundary conditions and in experiments [32] , is plotted (all for Pr = 10).
At Pr = 10 and Ra = 1708 r, for 60 < r < 6 × 10 4 , the empirical law Nu = 1.22 r 0.305 holds.
In the calculations with hard boundary conditions, for 150 ≤ r ≤ 7 × 10 3 , with graphic accuracy the dependence of the Nusselt number on the supercriticality can be represented by the formula Nu = 1.246 r 0.317 .
In the dependence Nu(r) calculated with free boundaries, three segments can be distinguished: 5 ≤ r ≤ 200 where Nu = 2.468 r 0.261 (small supercriticalities), 200 < r < 600 a transient segment where there is no expressed power law, and 6 × 10 2 ≤ r ≤ 3.4 × 10 4 where Nu = 1.223 r 0.302 (large supercriticalities).
From Fig. 4 , it can be seen that at r < 650 the calculation of two-dimensional convection with free boundary conditions leads to higher Nusselt numbers than with hard conditions, whereas at r > 650 the reverse is true. At 6 × 10 2 ≤ r ≤ 3.4 × 10 4 , the two-dimensional model with free boundary conditions gives Nusselt numbers similar to those obtained experimentally (the deviations are equal to 3.7 and 2.2% at r = 7 × 10 3 and 3.4 × 10 4 , respectively), whereas the deviation from the experimental data of the Nusselt numbers calculated using the two-dimensional model with hard boundary conditions is greater (15.3% at r = 7 × 10 3 ).
We note that experiments on convection in water and air [33, 34] gave the law Nu ∼ Ra 0.3 , whereas calculations based on the two-dimensional model with an infinite Prandtl number and free boundary conditions yielded Nu ∼ Ra 0.301 [24] . However, in other experimental studies on convection in water, namely, [35] and [36] , somewhat different laws Nu ∼ Ra 0.293 and ∼ Ra 0.278 were obtained.
In Fig. 5 , the average-temperature profiles calculated with free and hard boundary conditions and a selfsimilar profile [36] are presented (all at r = 6 × 10 3 and Pr = 6). The Nusselt numbers were equal to 16.28 in the experiments [36] and to 18.97 (deviation 16.5%) and 15.68 (deviation 3.7%) in the calculations with hard and free boundaries.
In spite of the more significant deviations from the experimental data in the middle part of the layer, the average-temperature profile calculated using free boundary conditions seems to be more accurate, since it contains no zones with a positive gradient. On the other hand, such regions are clearly expressed in the calculations made with hard boundary conditions, which contradicts the experiments on convection in water, where positive-gradient zones were observed in the average-temperature profile at r < 300 [36] . In the experiments, with further increase in supercriticality, enhanced turbulent mixing led to the destruction of the plumes of sinking cool and rising warm fluid before they reached the opposite boundaries, which favored the disappearance of positive-gradient zones [36] . In convection calculated with hard boundary conditions (Pr = 10), well-expressed positive-gradient zones were observed at 15 ≤ r ≤ 7 × 10 3 , whereas with free boundary conditions, at the same Pr, such intervals were observed only at r < 250, in accordance with the experimental data [36] .
We will now consider the pulsations of the vertical and horizontal velocity components at y = 0.5 as functions of the supercriticality. Dividing the velocity pulsations by Pr 1/3 makes it possible to compare experimental data differing in Pr [35] .
A comparison of the values of the pulsations of the vertical velocity component V 2 0.5 calculated using hard and free boundary conditions (Pr = 10) and those obtained in experiments [35, 37] on convection in water (Fig. 6) show that at r > 260 the quantities V 2 0.5 calculated using hard boundary conditions are in better agreement with the experimental data than those calculated using free conditions. In considering the empirical law [35] , the critical value Ra cr ≈ 1820 was calculated from the data presented in [2, 38] .
At r = 7 × 10 3 , the deviation of the curve calculated using hard boundary conditions from the experimental curve [35] was equal to 33.6%, whereas the values calculated using free conditions deviated from the experimental ones by a factor of more than two.
The pulsations of the horizontal velocity components U 2 0.5 calculated using free and hard boundary conditions and obtained in experiments on convection in air [34, 39] are presented in Fig. 7 . We note that at r > 10 3 the pulsations U 2 0.5 calculated using free boundary conditions are closer to the experimental data than those calculated using hard conditions (at r = 7 × 10 3 , for example, the deviation is equal to 19 and 70% for free and hard horizontal boundaries, respectively).
From the data presented in Figs. 6 and 7 it can be seen that the effect of the type of the boundary condition (free/hard) is manifested more weakly in the distributions of the pulsations of the horizontal, rather than the vertical, velocity component. At r = 7 × 10 3 , for example, the values of U 2 0.5 deviate by about 42%, whereas the values of V 2 0.5 deviate by a factor of more than two.
Summary. The problem of two-dimensional, horizontally periodic convection between two horizontal planes with heating from below is solved in two formulations: with free and hard boundary conditions on the horizontal planes.
At small supercriticalities the calculation of the two-dimensional convection with free boundary conditions leads to values of the Nusselt number Nu closer to the experimental data, whereas the difference between the temperature fields calculated using free and hard boundaries is insignificant. 558 PALYMSKII At r < 650 the calculation of the two-dimensional convection yields higher Nusselt numbers with free than with hard boundary conditions, whereas at r > 650 the reverse is true. At 6 × 10 2 ≤ r ≤ 3.4 × 10 4 , the Nusselt numbers calculated using the two-dimensional model with free boundary conditions are similar to those obtained experimentally.
The Nusselt numbers as functions of the supercriticality follow the approximate power dependences. At 15 ≤ r ≤ 7 × 10 3 , on the average-temperature profile calculated from the two-dimensional model with hard boundary conditions, well-expressed intervals with positive gradients were observed, which contradicts the experimental data on convection in water, where a similar profile was observed only at r < 300. The twodimensional model with free boundary conditions yields an average-temperature profile with these zones well-expressed at r < 250, which is in agreement with the experimental data.
The difference in the velocity component pulsations for different boundary conditions (free/hard) is most strongly manifested in the vertical velocity component, whereas the dependence of the pulsations of the horizontal velocity component on the boundary conditions is more weakly expressed.
